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i1e Diophantine equation lk + 2 +,..+ xk + R(x) = yz *)
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ACT

We prove the following theorem:
(x) be a fixed polynomial with rational integer coefficient:
) and k > 2 be fixed rational integers such that k ¢ {3,5}. °
:ion

1k + Zk +...+ Xk + R(x) = byz

itegers X,y 2 1 and z > 1 has only finitely many solutions.
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-NTRODUCTION

In J.J. SCHAFFER [4] the equation

studied. Schaffer proves that for fixed k > 0 and m > 1 the equation (1)
an infinite number of solutions in positive integers x and y only in

cases
(I) k=1,m=2; (II) k=3, me {2,4}; (III) k=5, m= 2.

:onjectures that all other solutions of (1) have x = y = 1, apart from
m=2, Xx =24, y =70, In [1], the present authors have extended
iffer's result by proving that for fixed r,b € gz ,b # 0 and fixed

2, k ¢ {3,5} the equation

only finitely many solutions in integers x,y =2 1 and z > 1 and all
1itions can be effectively determined. In this paper we prove a further

sralization.

JREM. Let R(x) be a fixed polynomial with rational integer coefficients.
b # 0 and k 2 2 be fixed rational integers such that k ¢ {3,5}. Then
equation

lk + 2k +...+ xk + R(x) = byz

integers x,y 2 1 and z > 1 has only finitely many solutions.

The proof of our theorem differs from our proof in [1] in quite a few
>ects. We combine a recent result of SCHINZEL and TIJDEMAN [5] with an
ar, ineffective theorem by W.J. LE VEQUE [2]. Thus, we can determine an

active upper bound for z, but not for x and y. However, we think that it




possible to prove an effective version of Le Veque's theorem. By such a
eorem one could determine effective upper bounds for x and y, like in

] for the equation (2).

In section 2 we quote the general results mentioned above; in section
we formulate a special lemma and prove that this lemma implies our Theorem.
. section 4 we shall prove our lemma, thus completing the proof of the
eorem. In section 5 we show that our Theorem is not valid for k ¢ {1,3,5}
d discuss the number of solutions in integers x,y > 1 of (3) for fixed

> 1 and fixed k € {1,3,5}.

AUXILTARY RESULTS

ko Lk k1
MMA 1. 1™+ 2 + + x _Eﬁ(BkH(XH) —Bk+](0)),
ere
) B0 = xd -t el 2o ] (@t
) q X 5 4 g (H)x ces = oL g) BpX

the q-th Bernoulli polynomial.
OOF. Well-known (see e.g. RADEMACHER [3], pp. 1-7). [J

MMA 2. (Le Veque). Let P(x) e Q[x]1,

N N-1 n ri
= +,..+ = - .
P(x) aox + a x ay ao 121 (x ul) s

th a, # 0 and o # o for i # j. Let 0#be Z, me N and define

1= m/(m,ri). Then the equation
P(x) = bym

s only finitely many solutions x,y € Z unless {Sl""’sn} 18 a permuta-

on of one of the n-tuples

i) {s,1,...,1}, s > 1; 1ii) {2,2,1,...,1}.




. This follows from LE VEQUE [2], theorem 1, giving the stated result
e case b = 1, P e Z[x]. Let d be an integer such that dP(x) ¢ Z [x].

-1 . . . . . . .
b de(x) is a polynomial with integer coefficients, satisfying
™ 1% (x) = (bdy)™.

ding to Le Veque's theorem there are only finitely many solutions x

dy. 0O

3. (Schinzel, Tijdeman). Let 0 # b ¢ Z and let P(x) € QLx] be a poly-

1 with at least two distinct zeros. Then the equation
P(x) = byZ

tegers x,y > 1,z implies that z < C, where C is an effectively comput-

constant depending only on P and b.

. See SCHINZEL & TIJDEMAN [5]. For a generalization compare SHOREY,
ER POORTEN, TIJDEMAN, SCHINZEL [6], Theorem 2. []

LEMMA; PROOF OF THE THEOREM
From section 2 it is clear that we have to prove that the polynomial
P(x) = B (x) = B + qR(x-1)
q q d
fies the conditions in Lemmas 2 and 3 with respect to the multiplicity
's zeros, unless q € {2,4,6}. We shall formulate such a result, post-—

ig its proof for the time being, and show that this result implies our

‘em.

v 4. For q 2 2 let Bq(x) be the q-th Bernoulli polynomial. Let
e Z[x] and set

P(x) = B (x) = B+ R (x).



Then

(i) P(x) has at least three zeros of odd multiplicity, unless q e {2,4,6}.
(ii) For any odd prime p, at least two zeros of P(x) have multiplicities

relatively prime to p.

>roof of the Theorem. Let R(x-1) = R*(x). We know from Lemma 4 that the

solynomial

k k

oy 2K 5 RE) = (x+1) = B, + (kt DR (1))

1
T Brei
1as at least two distinct zeros. Hence it follows from the equation (3) by
applying Lemma 3 that z is bounded. We may therefore assume that z is fixed.

So we have obtained the following equation in integers x and y

(6) P(x) = by,

r.

where P is given by (5) with q = k+l. Write P(x) = a, ﬂ?=1 (x—ai) 1, where

2, # 0, o, # uj if i # j. If p|m for an odd prime p, then by Lemma 4 at

least two zeros of P have multiplicities prime to p, so we may assume that
d

an pls2

1
If m is even, then by Lemma 4 at least three zeros have odd multiplicity,

(rl,p) = (rz,p) = 1, Setting s; = m/(m,ri), we find that p|s

say r,,T, and ry are odd. Hence $125, and s5 are even. Consequently, the
exceptional cases in Lemma 2 cannot occur and thus (6) has only finitely

many solutions for any m > 1. This proves the Theorem. []
4. PROOF OF LEMMA 4

By the Staudt-Clausen theorem (see RADEMACHER [3] p.10), the denomina-

tors of the Bernoulli numbers B (k = 1,2,...) are even but not divis-

1* Box
ible by 4. Choose the minimal d € IN such that dP(x) ¢ Z [x], so

q-1 q-£ %
dP(x) =d ) ( ) Bpx®  + dqR (x) € Z[x],
,e:

hence d(?) B] € 7Z and




) de € 7Z , for k = 1,2,...,[i(q-1)1].

q
(Zk k

is odd, then necessarily (?) and (;i) must be even for k = 1,2,...,
1)]. Write q = 2Ar, where A 2 1 and r is odd. Then (gx) is odd, giving

tradiction unless r = 1. So

d is 0dd < q = ZA for some A > 1.
# ZA for any A > 1 then

d = 2 (mod 4).

stinguish three cases

et ¢ > 3 be odd. Then d = 2 (mod 4) and for £ = 1,2,4,...,q-1

d(z) B, = (%) (mod 2).
_ (
dP(x) = x4 + z

d(P(x) + xP' (x)) = x4 (mod 2).

Any common factor of dP(x) and dP'(x) must therefore be congruent to
rer of x (mod 2). Since dP'(0) = quq-l = 1 (mod 2), we find that dP(x)
[P'(x) are relatively prime (mod 2). So any common divisor of dP(x)
IP'(x) in Z [x] is of the shape 25(x) + 1. Write dP(x) = T(x)Q(x),

2 T(x) = Hi Ti(x)ki e Z [x] contains the multiple factors of dP and

Z [x] contains its simple factors. Then T(x) is of the shape

) + 1 with S ¢ Z [x], so

Q(x) = dP(x) = xq-] +... (mod 2).




hus the degree of Q(x) is at least q-1, proving case A if q

hen
2P(x) = 2x3 + x = 2x(x+1)(x-1) (mod 3),

howing that P has three simple roots, which proves Lemma 4 i

21 for some A 2 1, so d is odd. We first prov

). Suppose q

1\

ssume that A = 3. Now (gk) is divisible by 4 unless 2k = iq

imilarly, ( is divisible by 8 unless 2k is divisible by 2

q
Zk)
herefore for some odd d', writing v = lq

9) dP(x) = dxav + 2X3V-+d'X2v

+ 2x° (mod 4).

rite dP(x) = Tz(x)Q(x), where T(x),Q(x) € Z [x] and Q contai
f odd multiplicity of P in Z [x] exactly once. Assume that d
ince

Tz(x)Q(x) = x4V + sz = x2v(x2v+1) (mod 2),

2(x) must be divisible by X2v—2 (mod 2). So

T(x) = xv—lTl(x) + 2T (),

() = T+ AT, (0,

2,T3 € Z[x]. If q > 8, then v > 2 so the las

ncompatible with (9) because of the term 2xv. Hence deg Q =

roves (i). If q = 8, then d = 3 and

or certain T],T

dP(x) = 3x° + 2x° 4 x* + 2x° = —x2(x+1) (x=1) (x2+1)

11 these factors - except xz - are simple, so deg Q > 6 > 3
roving (i) in case B.

To prove (ii), let p be an odd prime and write dP(x) = (

» odd.

0 we may

le have

h factor
D < 2.

tity is
ch

(mod 4).

Q(X) s




Q,T ¢ Z[x] and all the roots of multiplicity divisible by p are in-
rated in (T(x))p. We have, writing u = iq,

dP(x) = (T(x))Pox) = =" (x"+1) = x" x+1)" (mod 2).

u is prime to p, Q has at least two different zeros, proving (ii) in

B.

uppose q is even and q # ZA for any A. Then d = 2 (mod 4) and hence

3 ( q-1
dP(x) = g (Zk) X 2k Z (2) XK = (x+1)q—xq-l (mod 2).

k=1 =1

q = 2Ar, where r > 1 is odd. Then

A
dP(x) = (x+1)%x3-1 = ((x+1)T-x"-1)%  (mod 2).

r > 1 is odd, (x+1)r—xr—1 has x and x + 1 as simple factors (mod 2).

2% ZA
dP(x) = x~ (x+1)” H(x) (mod 2),

H(x) is neither divisible by x nor by x + | (mod 2). As in the pre-
g case, P(x) must have two roots of multiplicity prime to p. This

s part (ii) of the lemma.

In order to prove part (i) we may assume that q = 10, because q = 2,4,6
he exceptional cases and q = 8 is treated in section B. Now d and q

ven, so dq is divisible by 4 and, in view of (8)
= q — q—l _1_ q q—2 q 2
dP(x) = 2x gx t 2 d(z) X +.. .+ qu-Z(Z)X (mod 4).

. dP(x) = TZ(X)Q(X), where T,Q € Z [x] and Q(x) contains each factor of

wltiplicity of P exactly once. Let

Kl AZ Am
T(x) = x + x +...+ X (mod 2),




1iere A, > A, >...> A = 0. Then
1 2 m

2\ 2X AN
T2(x) =x '+ Z4...+x O

+22pz
£
1ere p, is the number of solutions of Ai + Aj =

Assume that deg Q < 3. Let

Qx) = ax2 + bx + c.

2 2A1+2
f a is odd, then T (x)Q(x) = ax +... (mod 4

2 2X1+1
ith (10). If 4|a, then T“(x)Q(x) = bx +
efinition of d, dP(x) must have some odd coeffic

2 _ A
ence T (x)Q(x) = cx +...

(mod 4), which is ag
hus a = 2 (mod 4) and AI = 1(q-2). By comparing
10) and in TZ(X)Q(X), we find that b = q (mod 4)
e odd. So Q(x) = 1 (mod 2) and

2\ 2\ 2X
1 2 m
X + X +,..+ X

i

dP(x) = T2 (x)

et A = {AI,KZ,...,Am}. We have by (10) that

1

11) A€ h = 252} <g2 and (gxi)

[1i

ince 3(q-2) € A, we have that (3) is odd, so q
nod 4). Thus

21.+2 21 . +1 2X\.
1 1

dP(x) (2x +2x +cx l) +

"
o~

If Ai € A and A. < {(q-2), then by (10) the

P(x) must vanish, so

12) is odd.

= Pzxi+1
A, < 3(q-2)

d 4),

ch is
) so 4
so ¢
compat 0).
effici in

is ev t

2).

d 2).

d 4),

cient




ve that, by q = 10 we have }(q-2) > 4.

Now (g) is odd, so 1 € A by (11). Thus Ps is odd by (12) and hence, by
efinition of the numbers Pp> 2 e A. So (Z) is odd, thus q - 2 = 4

8). Then also (g) is odd, so 3 ¢ A by (11). Since 2 € A, Ps is odd by

But if {1,2,3,4} € A, then Ps = 2. So 4 ¢ A and (g) is even by (11).

q-6 = 0 (mod 16), so (?0) E(?Z) = (?4) = 0 (mod 2). Hence 5 ¢ A, 6 ¢ A
¢ A. So Py = 0. But since 3 € A, P is odd by (12). This gives a con-

ction, so deg Q = 3 if q = 10. The proof of Lemma 4 is thus complete.

THE CASES k = 1,3,5

Consider the equation (3) for fixed k ¢ {1,3,5} and fixed z = m > 1.

*(x) = R(x-1) and q = k + 1. Then (3) is equivalent to the equation
m
P(x) = by ,

P(x) = Bq(x) - Bq + qR*(X), qe {2,4,6} and b # 0 is a fixed integer
ible by q.

If q = 2, then P(x) = x2 - x + ZR*(x). P(x) has two zeros of multi-
ty 1, since P(x) = x(x-1) (mod 2). In view of Lemma 2, (13) has a

e number of integer solutions x,y unless m = 2. In the case m = 2 we
hoose R%(x) = (xz—x)(zsz(x) + 25(x)) for any S(x) € Z[x]. In that

(13) becomes
(x2-x) (28(x)+1) % = by?,

amounts to Pell's equation, having an infinite number of solutioms
tegers X,y = 1 for infinitely many choices of b with 2]|b.

In the case q = 4 we have P(x) = x4 - 2x3 + x2 + 4R*(x). Since

= xz(x—l)2 (mod 2), by Lemma 2 the equation (13) has infinitely many
ions only if m = 2 or m = 4, If this is the case, there are infinitely
choices for R*(x) and b such that (13) has an infinite number of solu-

. We may take R*(x) = x2(x-1)2 (48" (x)+88> (x)+65% (x)+25 (x)) for any




) € Z[x] and from (13) we get

K x-1)2(25(x)+1)* = by®, m=2 or m = 4.

h for m = 2 and for m = 4 this equation has an infinite number of solu-
ns in integers x,y > | for infinitely many choices of b with 4]b.

In the case q = 6, (13) is equivalent to

) 2P(x) = 2x° - 6x° + 5% - x° + 12R% (%) =

22 (x=1) 2 (2x°-2%-1) + 128" (%) = by™,

re 12|b. Since 2P(x) = 2(x—1)2x2(x+1)2 (mod 3), by Lemma 2 the equation
) has infinitely many solutions in integers x,y 2 1 only if m = 2. For
initely many choices of R*(x) and b there is an infinite number of solu
ns x,y if m = 2. We may then choose

x) = x2(x=1)2(2x°-2x-1) (38 (x)+25(x)) for any S(x) ¢ Z[x] and (14) may

written in the form
xz(x—l)z(sz-Zx—l)(65(x)+1)2 = by2.

isequently, (14) has an infinite number of solutions in integers x,y > 1

* infinitely many choices of b with 12|b.
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